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Abstract—We devise an end-to-end communication channel
model that describes the performance of RIS-assisted MIMO
wireless links. The model borrows the impedance (interaction)
matrix formalism from the Method of Moments and provides a
physics-based communication model. In configurations where the
transmit and receive antenna arrays are distant from the RIS
beyond a wavelength, a reduced model provides accurate results
for arbitrary RIS unit cell geometry. Importantly, the simplified
model configures as a cascaded channel transfer matrix whose
mathematical structure is compliant with widely accepted, but
less accurate, system level RIS models. A numerical validation
of the communication model is presented for the design of
binary RIS structures with scatterers of canonical geometry.
Attained results are consistent with path-loss models adopted
in communication system design, and have been validated with
full-wave simulations. Our results shows that the applicability of
communication models based on mutual impedance matrices is
not restricted to canonical minimum scattering RIS unit cells.

Index Terms—Method-of-Moment, MIMO, RIS, Meta-surface,
Channel capacity, Optimisation

I. INTRODUCTION

RECONFIGURABLE intelligent surfaces (RIS) provide a
viable technology for molding the flow of electromag-

netic wave energy within arbitrary propagation environments
[1]. Wave control capabilities demonstrated by the RIS include
anomalous reflection, beam-forming, focusing, and defocusing
[2]. Their operation has been studied in free-space, both near-
field and far-field [3], [4], as well as in indoor and outdoor
environments [5]. The modelling of RIS-assisted wireless links
have become a topic of paramount importance [6], and several
authors have proposed physics-based communications models
[7].

The scientific literature classifies first-principle electromag-
netics model of the RIS in two families: Continuous and
Discrete models [8]. Continuous models treat meta-surfaces
as homogenous sheets of currents whole effective impedance
and admittance are matched by design to perform anomalous
reflection. Discrete models treat individual pixels: In the first
models inspired from antenna arrays, the effective scattered
field results from the superposition of waves re-radiated upon
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specular reflection of individual RIS unit cells. However, it has
been shown that effective models based on re-radiated fields:
i) do not correctly capture the mutual coupling between unit
cells within finite size RIS structures [9], [10]; ii) do rely
on local periodicity which provides an approximate behaviour
of the field re-radiated by finite-size macro cells [11]; iii)
do not accurately capture the effect of loading circuitry on
the re-radiated field, as well as parasitic effects within the
unit cell [12]. More recently, in order to overcome these
limitations, discrete models of the RIS have been formulated
by using both impedance [13] and scattering [14] matrix
formalisms. Those models are capable of treating a finite-
size RIS, capturing joint amplitude and phase variability of
the RIS unit cell response, and providing an end-to-end (E2E)
representation of the wireless link, i.e., include the interaction
of the RIS with the transmit and receive arrays associated to
the base-station (BS) to user-equipment (UE) respectively. A
specific impedance-based channel model has been formulated
for arrays of dipoles [15], and exploited to analyse the benefit
of the knowledge of mutual coupling between dipoles in
channel gain optimisation [19]. While the model works in
both near- and far-field, the RIS unit cell has been assumed
to be a minimal scattering linear antenna, for which the
surface current density is known in closed form and the array
active impedance can be computed efficiently including mutual
coupling [24]. The structural scattering of the open-circuit [21]
baseline RIS structure needs to be considered and included
in impedance-based models. We extend the model in [15]
to arbitrary arrays of scatterers adopted for RIS using the
Method-of-Moment (MoM) formalism. The MoM code that
we use has been recently developed in [27], which has used
the methodology originally proposed in the theory of loaded
scatterers [21], where port segments have been separated from
passive segments in the MoM discretisation. A MoM study has
been recently proposed for the path loss of a RIS-assisted SISO
system, where freestanding loaded loops have been assumed
as RIS unit cells [28].

In our MoM model, the ground plane has been included
and the formulation is amenable to accounting for single-
as well as multi-layer substrates by using standard method-
ologies [43]. Furthermore, our model provides an end-to-
end communication model that can be conveniently used for
optimisation and performance analysis of wireless links, and
it naturally extends the model in [15] beyond the canonical
minimum scattering (CMS) approximation. This extension has
the benefit of making important work on CMS structures
practical: This work has been achieved in the literature lately,
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also considering wide-band response of linear antennas [16],
and including e.g., multi-path fading generated by clusters
of dipoles in the impedance [17] and the Green function
[18] formalisms. Previous studies have discussed the inclu-
sion of circuital elements within periodic meta-surfaces with
sub-wavelength unit cells in MoM [25], There, a simple
development of the MoM interaction matrix allowed the
computation of the scattered field for arbitrary distribution
of discrete loads. This boils down to add the impedance
matrix of the equivalent circuit of the tunable elements to the
MoM interaction impedance matrix of port basis segments.
In RIS design, it is worth noticing that the inner coupling
between loading circuitry and planar metallic structure might
generate parasitic effects, which are usually captured by a
more complicated (and structure dependent) equivalent circuit
[26]. In the far-field of a single RIS unit cell, our model
reduces to a cascaded formula that has the same mathematical
structure of system levels MIMO communication models [15].
However, the impedance matrix is augmented with the self-
and mutual- interactions involving scattering segments besides
port segments. Importantly, while system level models are
not constructed in physics-based grounds and are prone to
efficient optimisation, our electromagnetic compliant model
preserves accuracy for arbitrary RIS unit cell geometry. A
numerical analysis of the the simplified communication model
has been carried out for two canonical unit cell geometries, and
validated by the (related) exact MoM code. The performance
of a compact RIS-assisted MIMO link is also assessed in terms
of channel capacity.

The paper is organised as follows, in Sec. II we apply the
method-of-moment formulation to the communication system
including the RIS, transmit and receive arrays. We partition
basis functions into port and passive segments. We then devise
an end-to-end communication model, and devise a reduced
cascaded model. In Sec. III we design two RIS structures based
on loaded scatterers, and we assess the model by numerical
validations of the channel capacity at variable receiver distance
and direction. Finally, in Sec. IV we draw a conclusion and
future perspectives.

II. FORMULATION

Here, a channel matrix between ports of transmitting and
receiving antennas is formulated using an impedance (admit-
tance) matrix obtained using method of moments (MoM).
Formulation using MoM is different from that using z-
parameters between ports because impedance matrix entries
are defined between segments, where segments are part of
antennas or scatterers whose current distribution is expanded
by basis functions. However, according to definition of the z-
parameters, the z-parameters between ports are available from
matrix equations formulated using MoM. In the same manner
as the z-parameters between ports, channel matrix between
ports is also available from matrix equations formulated using
MoM.

A. Full-wave model
Here, an equivalent circuit of RIS including transmit-

ting/receiving antennas is modeled via method of moments

N port network
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Fig. 1. Equivalent circuit of RIS including transmitting/receiving antennas.

(MoM) as shown in Fig. 1. The equivalent circuit is expressed
as a matrix equation as follows.

(ZN×N + ZL
N×N )IN = VN (1)

Here, ZN×N is N ×N impedance matrix, ZL
N×N is N ×N

load impedance matrix, IN is N dimensional current vector,
and VN is N dimensional voltage vector, and N is the total
number of segments (i.e. number of unknowns).

Equation (1) can be partitioned using block matrices/vectors
as follows. VNT

0
0

 =

 ZNT×NT
+ ZL

NT×NT
ZNT×NR

ZNR×NT
ZNR×NR

+ ZL
NR×NR

ZNS×NT
ZNS×NR

ZNT×NS

ZNR×NS

ZNS×NS
+ ZL

NS×NS

 INT

INR

INS

 (2)

Here, NT is the number of segments of transmitting antennas,
NR is the number of segments of receiving antennas, and
NS is the number of segments of scatterers with variable
load impedance (i.e. NT + NR + NS = N ). Zi×j is
i × j block impedance matrix, where i = NT , NR, NS

and j = NT , NR, NS . ZL
NT×NT

is a NT × NT diagonal
matrix corresponding to transmitting antennas and includes
their load impedance connected to the ports. ZL

NR×NR
is a

NR×NR diagonal matrix corresponding to receiving antennas
and includes their load impedance connected to the ports.
ZL

NS×NS
is a NS × NS diagonal matrix corresponding to

scatterers with variable load impedance and includes their
load impedance connected to the ports. INT

, INR
, and INS

are NT , NR and NS dimensional block current vectors. VNT

is a NT dimensional block voltage vector corresponding to
the segments of the transmitting antennas. A voltage-voltage
MIMO channel matrix, compliant to that used in wireless
system optimization [19], [20], is derived from the transfer
matrix partitioning introduced in (2), which is based on [21],
and described in Appendix A. It configures as

VNR
= ZL

NR×NR
INR

(3)

= Hf
NR×NT

VNT
(4)
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with

Hf
NR×NT

= ZL
NR×NR

(UNR×NR
+ ZL

NR×NR
(YNR×NR

−YNR×NS
ZL

NS×NS
(UNS×NS

+YNS×NS

ZL
NS×NS

)−1YNS×NR
))−1(YNR×NT

−YNR×NS

ZL
NS×NS

× (UNS×NS
+YNS×NS

ZL
NS×NS

)−1

YNS×NT
) (5)

It is worth noticing that VNR
is a receiving voltage vector

and entries of Hf
NR×NT

- corresponding to the ports of
the transmitting/receiving antennas - are extracted to obtain
complex-valued channel gains [22]. The channel matrix ob-
tained from (5) is a full-wave expression as no approximation
is introduced through its derivation. Finally, we have verified
that the channel matrix obtained from (5) perfectly agrees
with that obtained by full-wave analysis. Interestingly, the
impedance formulation in (5) does not configure as a cas-
caded model and it presents inverse operators that cannot be
expanded in Neumann series since their spectral radius is not
smaller than the unity. Hence, we support the observation done
in [23] concerning the mathematical structure of the scattering
formulation, whose spectral radius is smaller than the unity
thus allowing for a Born series type expansion, while the
impedance formulation does not allow for such an expansion.

B. Reduced model

Here, it is assumed that effect of mutual coupling among
the transmitting antennas, receiving antennas, and the RIS
is negligible when their current distribution is obtained (The
assumption is reasonable when they are in far-field region.).
According to the assumption, current distribution of the trans-
mitting antennas are approximately obtained from Eq. (2) as
follows.

VNT
= (ZNT×NT

+ ZL
NT×NT

)INT
+ ZNT×NR

INR

+ ZNT×NS
INR

≈ (ZNT×NT
+ ZL

NT×NT
)INT

INT
≈ (ZNT×NT

+ ZL
NT×NT

)−1VNT
(6)

Next, current distribution of the RIS is obtained. According
to the third column of Eq. (2), current distribution of RIS is
approximately obtained as follows.

0 = ZNS×NT
INT

+ ZNS×NR
INR

+ (ZNS×NS
+ ZL

NS×NS
)INS

≈ ZNS×NT
INT

+ (ZNS×NS
+ ZL

NS×NS
)INS

INS
= −(ZNS×NS

+ ZL
NS×NS

)−1ZNs×NT
INT

= −(ZNS×NS
+ ZL

NS×NS
)−1ZNs×NT

(ZNT×NT
+ ZL

NT×NT
)−1VNT

(∵ Eq.(6)) (7)

After that, current distribution of the receiving antennas is
approximately obtained from the second column of Eq. (2)

with the help of Eqs. (6) and (7).

0 = ZNR×NT
INT

+ (ZNR×NR
+ ZL

NR×NR
)INR

+ ZNR×NS
INS

INR
= −(ZNR×NR

+ ZL
NR×NR

)−1

(ZNR×NT
INT

+ ZNR×NS
INS

)

= −(ZNR×NR
+ ZL

NR×NR
)−1(ZNR×NT

(ZNT×NT

+ ZL
NT×NT

)−1VNT
− ZNR×NS

(ZNS×NS
+ ZL

NS×NS
)−1

ZNs×NT
(ZNT×NT

+ ZL
NT×NT

)−1VNT
)

= (ZNR×NR
+ ZL

NR×NR
)−1(−ZNR×NT

+ ZNR×NS

(ZNS×NS
+ ZL

NS×NS
)−1ZNs×NT

)

× (ZNT×NT
+ ZL

NT×NT
)−1VNT

(8)

The receiving voltage vector VNR
of the receiving antennas

is expressed as follows.

VNR
= ZL

NR×NR
INR

= HNR×NT
VNT

(9)

where the voltage-voltage MIMO channel matrix is obtained
as

HNR×NT
= ZL

NR×NR
(ZNR×NR

+ ZL
NR×NR

)−1

× (−ZNR×NT
+ ZNR×NS

ΦS ZNs×NT
)

× (ZNT×NT
+ ZL

NT×NT
)−1VNT

(10)

and the RIS state matrix is given by the admittance matrix

ΦS = (ZNS×NS
+ ZL

NS×NS
)−1 (11)

which is consistent with the communication model in [15]
in the far-field approximation, that has been used in sum-
rate optimization [20]. Because the block load impedance
matrix ZL

NR×NR
is a diagonal matrix, its entries are zero

except for the ports of the receiving antennas. Finally, entries
of HNR×NT

corresponding to the ports of the transmit-
ting/receiving antennas are extracted and the channel matrix
is obtained.

C. Structural scattering

In NLOS between transmit and receive array, the cascaded
communication model in [15] vanishes if all the dipole ports
are in open circuit, on account of the minimum scattering
assumption [29]. Importantly, the MoM based formulation
leads to a non-zero RIS state matrix when unit cells are
unloaded. The reason lies in the presence of passive seg-
ments that capture the structural scattering of the bare meta-
surface structure. This can be seen by considering the active
impedance of a single unit cell of the RIS. Suppose we have
a linear antenna discretised by three adjacent segments, of
which only one embeds port terminals. Adopting the MoM
formalism, the RIS state matrix for the three segments is found
from

ZNS×NS
=

Z Zc Zc

Zc Zp Zc

Zc Zc Z

 (12)

where, without loss of generality, mutual coupling impedance
Zc has been assumed uniform within the macro-pixel, with
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input impedance at the port segment Zp and at the passive
segments Z. The load impedance at the port segment reads

ZL
NS×NS

=

0 0 0
0 ZL 0
0 0 0

 (13)

Inserting (12) and (13) in (11) yields the matrix inversion

ΦS =

Z Zc Zc

Zc Zp + ZL Zc

Zc Zc Z

−1

(14)

which gives, in the open circuit (oc) case, i.e., ZL → ∞

Φoc
S =


Z

Z2−Z2
c

0 Zc

Z2−Z2
c

0 0 0
−Zc

Z2−Z2
c

0 Z
Z2−Z2

c

 (15)

that encodes the passive scattering of the planar structure. Note
that differently from [15], the RIS state admittance does not
go to zero for unloaded unit cells, which was a consequence
of the CMS approximation.

III. NUMERICAL RESULTS

A. Design of RIS

Here, it is demonstrated that our proposed expression works
for calculating channel capacity between transmitting and
receiving antennas in the presence of RIS. Geometry of the
RIS is shown in Fig. 2. Here, either of planar dipole element
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Fig. 4. On/off states of RIS elements composed of dipole elements.
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Fig. 5. On/off states of RIS elements composed of loop elements.

or planar loop element is used as RIS element. Phase of
scattering field of the RIS elements is tunable by variable
load impedances. Variable load impedances loaded with RIS
elements are simply modeled as open or short terminations,
i.e. the RIS is a so-called single bit RIS. Transmitting and
receiving antennas are planar dipole array antennas. Origin
of the coordinate system is corresponding to the center of
the RIS and a position vector pointing the center of the
mnth RIS element is rmn. A position vector pointing the
center of the transmitting antenna is rt and that pointing
the center of the receiving antenna is rr. All of the antenna
elements and RIS elements are discretized into triangular
segments and their current distribution is expanded using Rao-
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TABLE I
PHASE OF REFLECTION COEFFICIENT OF PLANAR DIPOLE AND PLANAR LOOP ELEMENTS.

Planar dipole Planar loop
Type of elements (l = 0.5λ,w = 0.01λ, (a = b = 0.4λ, s = 0.01λ,

and their dimensions h = 0.25λ, dx = 0.5λ, h = 0.25λ, dx = dy = 0.6λ)
dy = 0.7λ)

Phase of On state 6.4 -56
reflection (Short termination)
coefficient [deg.] Off state 164.6 122.8

(Open termination)

TABLE II
DIMENSIONS OF THE RIS AND TRANSMITTING/RECEIVING ANTENNAS.

RIS Tx antenna Rx antenna
Planar dipole elements Planar loop elements

l 0.5λ a = b 0.4λ l 0.5λ l 0.5λ
w 0.01λ s 0.01λ w 0.01λ w 0.01λ
dx 0.5λ dx 0.6λ dxt 0.5λ dxr 0.5λ
dy 0.7λ dy 0.6λ Mxt 2 Mxr 2
h 0.25λ h 0.25λ rt (0, 0, 5λ) rr (R cos θ, 0, R sin θ)

Mx = My 11 Mx = My 11 (0, 0, 10λ) θ = 0, 30◦

 rt=(0, 0, 5), =0
 rt=(0, 0, 10), =0
 rt=(0, 0, 5), =30o

 rt=(0, 0, 10), =30o

N
or

m
al

iz
ed

 s
ca

tt
er

in
g 

pa
tte

rn
 [d

B
]

=0=180o

 [deg. ]

E on xz-plane

 rt=(0, 0, 10), =0
           FEKO

 60  50  40  30  20  10 0 10 20 30 40 50 60
-30

-20

-10

0

10

Fig. 6. Scattering patterns of RIS composed of dipole elements.

Wilton-Glisson (RWG) basis function [30]. During numerical
simulation, geometries of the transmitting/receiving antennas
and the RIS are normalized by wavelength λ at their working
frequency band.

In advance of designing the RIS, phase of reflection co-
efficient of the RIS elements is obtained numerically. Here,
method of moments based on periodic Green’s function (PGF)
is used for numerical analysis of the RIS elements in an infinite
periodic array [31], [32]. Therefore, the RIS is modeled here
as an infinite periodic array whereas the RIS is modeled as
a finite periodic array when the channel capacity is obtained
later. Poor convergence of the PGF is enhanced by introducing
Ewald transformation with the optimum splitting parameter
[33]- [35]. Singularity at a point where the source/observation
points are is overlapping is annihilated using L’Hospital rule
[36], [37].

The geometry of unit cell model composed of planar dipole
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Fig. 7. Scattering patterns of RIS composed of loop elements.

elements and planar loop elements is shown in Fig. 3. Phase
of reflection coefficient of the unit cell model is obtained
for plane wave of normal incidence and is shown in Table
I. According to the Table I, it is found that phase shift of
180 deg. is approximately available by switching variable load
impedances from on to off, and vice versa. Therefore, it can be
said that the planar dipole elements and planar loop elements
with variable load impedances are applicable to a single-bit
RIS.

The single-bit RIS is designed using the planar dipole
elements and planar loop elements. Based on the phase of
reflection coefficient, on/off states of the RIS elements are
designed so that the scattering fields of the RIS elements
are superposed with the minimum error at specific main
beam direction. Here, dimensions of the RIS and transmitting
antennas are shown in TABLE II. The RIS is designed so that
its main beam is directed to θ = 0, 30◦. It is worth noticing
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that this paper focuses on a single beam RIS and a multi beam
RIS is beyond the scope of this paper although the proposed
method is applicable to numerical analysis of multi beam
RIS. Although performance of the proposed method is demon-
strated by numerical analysis of the RIS illuminated from
broadside angle and focusing on broadside (or off broadside)
angle, numerical results in this paper validate performance
of the proposed method for numerical analysis of the RIS
illuminated from off broadside angle and focusing on (off)
broadside angle because of reciprocity.

The RIS is analysed using the MoM with the layered media
Green’s function(LMGF) and infinite ground plane of the RIS
is modeled using the LMGF [38]. Here, the RIS is modeled
as a finite periodic array whereas the RIS is modeled as an
infinite periodic array when the phase of reflection coefficient
was obtained earlier. A direct wave component is extracted
from the LMGF and calculated in the spatial domain so that
the convergence of the LMGF is enhanced [39], [40]. Sin-

gularity at a point where the source/observation points are is
overlapping is annihilated using coordinate transformation and
analytic integral [41], [42]. So-called Sommerfeld integral in
the LMGF is performed efficiently via numerical interpolation
by using Taylor expansions [43], [44].

On/off states of the RIS elements are shown in Figs. 4 and 5.
It is found that on/off states of the RIS elements are switched
corresponding to the main beam direction or position of the
transmitting antenna. The typical phase mask of a lens emerges
upon RIS unit cell optimization in both dipole and loop based
reflecting surfaces. Normalised scattering patterns of the RISs
composed of the planar dipole elements and the planar loop
elements are obtained by the MoM, and are shown in Figs. 6
and 7, respectively. It is found that main beam of the RIS is
directed to the specific angle because on/off states of the RIS
elements are switched so that their scattering fields are with
the minimum error at the direction.

B. Channel capacity

Here, it is demonstrated that our proposed expression of
the channel capacity is applicable to a wireless communi-
cation system including RIS. Dimensions of the transmit-
ting/receiving antennas and the RIS are shown in Table II.
The channel capacity is expressed as follows.

C = log2

∣∣∣∣I+HH† Pt

Mxtσ2
0

∣∣∣∣ (16)

= log2

∣∣∣∣I+ H̃H̃† γ

Mxt

∣∣∣∣ (17)

where, I is the unity matrix, H is a Mtr×Mxr channel matrix
extracted from HNR×NT

, Pt is the total transmitted power,
and σ2

0 is noise power at the receiving antennas. Furthermore,
H̃ is the normalized channel matrix and γ = Pt∥H∥2

MtrMxrσ2
0

is
signal-to-noise ratio (SNR) at the receiving antennas [45], [46].
Here, the normalization is performed so that ||H̃|| = MxtMxr

and γ is the SNR per receiving antenna from all transmitting
antennas.

As mentioned previously, the reduced model ignores a part
of mutual coupling between transmitting/receiving antennas
and RIS. Therefore, the reduced model may not be applicable
when mutual coupling between transmitting/receiving anten-
nas and RIS is strong, e.g. transmitting/receiving antennas and
RIS are close. In order to validate the reduced model from
the viewpoint, channel capacity is obtained from small R to
large R, where R is spacing from center of the RIS to the
receiving antennas. Simulated channel capacity is shown in
Figs. 8 and 9 for the RIS composed of the planar dipole/loop
array antennas, respectively. Here, the channel capacity was
obtained by full-wave analysis (i.e. (2) is solved numerically
and the channel matrix is obtained from VNT

and INR
). ) and

by (10), respectively. The scaling laws of the channel capacity
with distance are retrieved from the asymptotic expressions
of mutual impedances in the far field, which is discussed in
[47]. Furthermore, far field behavior of MoM matrices scales
with the inverse of the distance as shown in [48, Eq. (17)].
This behavior is consistent (and provides a link) with path-loss
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TABLE III
RECIPROCITY AND SYMMETRY OF CHANNEL MATRIX H BETWEEN THE TRANSMITTING/RECEIVING ANTENNAS WITH RIS COMPOSED OF DIPOLE

ELEMENTS. (DIMENSIONS OF RIS AND TRANSMITTING/RECEIVING ANTENNAS ARE TABULATED IN TABLE II. RIS IS DESIGNED FOR
TRANSMITTING/RECEIVING ANTENNAS AT rt = (0, 0, 5λ) AND rr = (0, 0, 10λ), RESPECTIVELY. )

Entries of channel matrix
(Those corresponding to its reciprocal model)

H11 H12 H21 H22

Full-wave −0.0062− j0.014 0.0045− j0.028 0.0045− j0.028 −0.0062− j0.014
(−0.0062− j0.014) (0.0046− j0.028) (0.0045− j0.028) (−0.0062− j0.014)

(5) −0.0062− j0.014 0.0045− j0.028 0.0045− j0.028 −0.0062− j0.014
(−0.0062− j0.014) (0.0046− j0.028) (0.0045− j0.028) (−0.0062− j0.014)

(10) −0.0065− j0.014 0.0040− j0.028 0.0040− j0.028 −0.0065− j0.014
(−0.0065− j0.014) (0.0040− j0.028) (0.0040− j0.028) (−0.0065− j0.014)

models (see for example [49], [50]), and shows the generality
of the impedance model for arbitrary RIS structures.

On the other hand, numerical results should be further
discussed from the physical point of view. The receiving
antennas receive direct wave from the transmitting antenna and
scattering wave from the RIS simultaneously. The channel ca-
pacity depends on receiving signal level, and phase difference
between the direct wave and the scattering wave, that depends
on position of the receiving antenna, i.e. R and θ, strongly
affects the receiving signal level. Therefore, it is expected that
the channel capacity changes as the position of the receiving
antenna (i.e. R and θ) changes. The channel capacities shown
in Figs. 8 and 9 support the discussion. According to the
numerical results and discussions, it can be said that the
proposed expression is applicable to calculating the channel
capacity between the transmitting/receiving antennas in the
presence of the RIS.

Finally, reciprocity and symmetry of (5) and (10) are val-
idated numerically. TABLE III shows numerical examples of
a channel matrix between the transmitting/receiving antennas
with a RIS composed of the dipole elements. TABLE III
includes numerical results obtained by full-wave analysis (i.e.
(2) is solved numerically and the channel matrix is obtained
from VNT

and INR
), (5) and (10). According to TABLE III, it

is found that entries of the channel matrix hold reciprocity and
symmetry except for small numerical error. It is worth noticing
that the reciprocity of the reduced model (10) does not hold
rigorously because a part of mutual coupling is neglected in
its formulation.

IV. CONCLUSION

We have obtained a cascaded communication model for
RIS-assisted wireless links from a first-principle electromag-
netic model. The formulation has been achieved by partition-
ing the interaction matrices of the method-of-moments. We
have found that the model configures as a cascaded product
of interaction matrices in the far-field of the RIS unit cell. This
extends communication models based on impedance matrices
that have been originally derived under the canonical mini-
mum scattering approximation. The system-level performance
of RIS-assisted end-to-end MIMO communications can be
accurately simulated with Method of Moments based channel
matrices. Finite-size RIS unit cells with arbitrary geometry and
dimensions can be characterised and subsequently optimised to
achieve prescribed electromagnetic shaping functions. Future

work is required to devise computationally efficient methods
for multilayer and transmissive RIS structures.

APPENDIX A
FULL-WAVE EXPRESSION OF CHANNEL MATRIX

Here, full-wave expression of a channel matrix is derived in
the same manner with [27]. Starting from Eq. (2), following
expression is obtained. VNT

−ZL
NR×NR

INR

−ZL
NS×NS

INS

 =

 ZNT×NT
+ ZL

NT×NT

ZNR×NT
ZNR×NR

ZNS×NT
ZNS×NR

ZNT×NS

ZNR×NS

ZNS×NS

 INT

INR

INS

 (18)

V′
N = Z′

N×NIN (19)

Here, V′
N ≡ [VNT

,−ZL
NR×NR

INR
,−ZL

NS×NS
INS

]T and
Z′

N×N is an N ×N impedance matrix where the block load
impedance matrix at the transmitting antenna is embedded.
Eq. (19) can be solved by multiplying YN×N ≡ {Z′

N×N}−1

with its both sides and following expression is obtained.

IN = YN×NV′
N INT

INR

INS

 =

 YNT×NT
YNT×NR

YNR×NT
YNR×NR

YNS×NT
YNS×NR

YNT×NS

YNR×NS

YNS×NS

 VNT

−ZL
NR×NR

INR

−ZL
NS×NS

INS

 (20)

According to Eq. (20), following three block matrix equations
are obtained.

INT
= YNT×NT

VNT
−YNT×NR

ZL
NR×NR

INR

−YNT×NS
ZL

NS×NS
INS

(21)

INR
= YNR×NT

VNT
−YNR×NR

ZL
NR×NR

INR

−YNR×NS
ZL

NS×NS
INS

(22)

INS
= YNS×NT

VNT
−YNS×NR

ZL
NR×NR

INR

−YNS×NS
ZL

NS×NS
INS

(23)

(23) can be transformed as follows.

INS
= (UNS×NS

+YNS×NS
ZL

NS×NS
)−1

(YNS×NT
VNT

−YNS×NR
ZL

NR×NR
INR

) (24)
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Here, UNS×NS
is NS × NS unit matrix. The next, Eq. (22)

can be transformed as follows.

INR
= (UNR×NR

+YNR×NR
ZL

NR×NR
)−1

(YNR×NT
VNT

−YNR×NS
ZL

NS×NS
INS

) (25)

Equation (24) is substituted into Eq. (25) and following
expression is obtained.

INR
= (UNR×NR

+YNR×NR
ZL

NR×NR
)−1(YNR×NT

VNT

−YNR×NS
ZL

NS×NS
(UNS×NS

+YNS×NS
ZL

NS×NS
)−1

(YNS×NT
VNT

−YNS×NR
ZL

NR×NR
INR

)) (26)

= (UNR×NR
+YNR×NR

ZL
NR×NR

)−1 { (YNR×NT

−YNR×NS
ZL

NS×NS
(UNS×NS

+YNS×NS
ZL

NS×NS
)−1

YNS×NT
)VNT

+YNR×NS
ZL

NS×NS
(UNS×NS

+YNS×NS
ZL

NS×NS
)−1YNS×NR

ZL
NR×NR

INR
}(27)

Equation (27) can be solved for INR
and INR

is obtained as
follows.

INR
= (UNR×NR

+ ZL
NR×NR

(YNR×NR
−YNR×NS

ZL
NS×NS

(UNS×NS
+YNS×NS

ZL
NS×NS

)−1YNS×NR
))−1(YNR×NT

−YNR×NS
ZL

NS×NS
(UNS×NS

+YNS×NS
ZL

NS×NS
)−1

×YNS×NT
)VNT

(28)

Finally, ZL
NR×NR

is multiplied by both sides of Eq. (28),
following expressions are obtained.

VNR
= Hf

NR×NT
VNT

(29)

Here, VNR
and Hf

NR×NT
are defined as in (4) and (5),

respectively.
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