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Abstract— The impedance expansion method (IEM) is a circuit
modeling technique based on the method of moments (MoM).
This study extended the conventional IEM to be applied to wire-
less power transfer (WPT) systems containing dielectric/magnetic
(DM) bodies such as ferrites. The advantages of the extended
IEM are that it can consider arbitrarily shaped DM bodies,
self-resonant coils, and radiation loss, and that the equivalent
electromagnetic currents on DM bodies are not treated as
unknowns in the resulting circuit model. Numerical experiments
revealed that the extended IEM is applicable up to the frequency
at which the dimensions of the DM bodies are approximately
0.3 times the wavelength of electromagnetic waves inside the
medium. An equivalent circuit model of a WPT system con-
taining ferrite shields was obtained using the extended IEM and
validated using the full-wave MoM and the finite-difference time-
domain (FDTD) method.

Index Terms— Dielectric materials, equivalent circuits, ferrites,
magnetic materials, method of moments (MoM), wireless power
transmission.

I. INTRODUCTION

W IRELESS power transfer (WPT) technology has
received significant attention because it can be used in

various applications, including wireless charging of handheld
devices and electric vehicles [1]. Generally, WPT systems
consist of nonlinear electronic circuits (e.g., inverters and
rectifiers) and wireless coupling elements (e.g., coils or elec-
trodes). Therefore, an integrated design for an entire system
using equivalent circuit models for coupling elements is effec-
tive for maximizing the power transfer efficiency of WPT
systems [2]–[5].
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To reduce electromagnetic interference in WPT systems,
shields composed of magnetic bodies such as ferrites are
often used [6]–[11]. For circuit modeling of such systems,
the self- and mutual impedances between coils can be derived
analytically by approximating the dimensions of the shields to
infinity [7], [8]. However, this method cannot handle shields
of finite dimensions and arbitrary shapes. Alternatively, the
self- and mutual impedances between coils can be calculated
numerically by finite-element eddy current analysis [9]–[11].
However, since this method is based on a low-frequency
approximation, it cannot be applied to self-resonant coils [12]
and cannot consider losses caused by electromagnetic radiation
to infinite distance. Therefore, a new circuit modeling method
that overcomes these problems is desired.

One candidate for such a requirement is the partial-element
equivalent-circuit (PEEC) method [13], which is based on the
mixed-potential integral equation and divides analysis objects
into distributed capacitors and inductors. The PEEC method
has been extended to consider dielectric/magnetic (DM) bod-
ies, where volumetric polarization currents or surface equiv-
alent electromagnetic currents on DM bodies are treated as
unknowns in resulting circuit models [14], [15]. Therefore, the
scale of the circuit models and the number of unknowns tend to
be large, resulting in large memory consumption and limiting
dimensions of analysis models.

Alternatively, the impedance expansion method (IEM) [16],
[17], which is a circuit modeling method based on the method
of moments (MoM) [18], [19], is a candidate for the same
purpose. The advantages of the IEM are that it can model self-
resonant coils and radiation losses [20], and that the derived
distributed-element models can be reduced to lumped-element
models in combination with eigenmode analysis, which also
reduces the number of unknowns when performing wideband
frequency response analysis [21].

The IEM was first applied to WPT systems in free space
and then extended to consider scattering by perfect conduc-
tors [22]. This study further extends the IEM to consider
scattering by lossless DM bodies, such as ferrite shields for
WPT systems used in megahertz regions. Whereas the con-
ventional IEMs including [22] are based only on the electric
field integral equation, the IEM extended in this study adopts
the Poggio–Miller–Chang–Harrington–Wu–Tsai (PMCHWT)
integral equations [23], which has the advantage of being
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Fig. 1. Basis functions Fi and F j in the vicinity of a DM body.

applicable not only to WPT systems including ferrite shields
but also to various systems such as capacitive coupling WPT
systems mounted on dielectric substrates.

Unlike the PEEC method, the extended IEM includes con-
tribution from scattering by DM bodies in the self- and mutual
impedances between basis functions on coupling elements.
Therefore, the equivalent electromagnetic currents on DM
bodies are not treated as unknowns in the resulting circuit
model, which reduces the total number of unknowns in circuit
equations. This is an advantage of the extended IEM compared
with the PEEC method.

The remainder of this article is organized as follows.
Section II describes the theory of the extended IEM.
Section III evaluates the applicable frequency of the extended
IEM. Section IV demonstrates the circuit modeling of a WPT
system containing ferrite shields. Section V summarizes our
conclusion.

In this article, the vector functions are denoted by bold italic
type (e.g., F), the algebraic vectors are denoted by bold roman
type (e.g., I), and the algebraic matrices are denoted by bold
roman type with an overbar (e.g., Z̄).

II. THEORY

As mentioned in Section I, the theory proposed in this
article is an extension of that proposed in [22], so there are
many similarities between their derivation processes. How-
ever, for convenience, this section prioritizes completeness of
description.

A. Basic Concept

As shown in Fig. 1, two basis functions Fi and F j ,
which represent electric currents on conductors placed in the
vicinity of a single DM body, such as ferrites, are considered.
The generalization to the case of multiple DM bodies is
straightforward, so only the derivation for the case with a
single DM body will be described. The wave impedance and
speed of light outside the DM body are ζ0 and v0, respectively,
and those inside the DM body are ζ1 and v1, respectively. The
self-/mutual impedance between Fi and F j is denoted as Zi j

and can be separated as follows:
Zi j = Z fs

i j + Z sc
i j . (1)

The free-space component Z fs
i j is the self-/mutual impedance

in the absence of the DM body, and the scattering component
Z sc

i j is the component induced by scattering by the DM body.

B. Free-Space Components

The free-space component Z fs
i j can be expanded into the

Laurent series with respect to the complex angular frequency

s as follows:

Z fs
i j =

∞�
k=−1

sk Z fs(k)
i j . (2)

The coefficient Z fs(k)
i j is expressed as follows [16]:

Z fs(k)
i j = ζ0

vk
0

X
�

Fi , F j , k
�

(3)

X (Fi , F j ,−1) =
�

S

�
S

(∇ · Fi)
�∇� · F�

j

�
4π R

d S�d S (4)

X (Fi , F j , 0) = 0 (5)

X (Fi , F j , k) = (−1)k+1
�

S

�
S

�
Fi · F�

j Rk−2

(k − 1)!4π

+ (∇ · Fi )
�∇� · F�

j

�
Rk

(k + 1)!4π

�
×d S�d S, k ≥ 1 (6)

where S is the surface region of the conducting and DM
bodies, and R is the distance between the source coordinate
r � and observation coordinate r, meaning R = |r − r �|. The
functions, operators, and surface elements with respect to r �
are denoted by primes. Additionally, if ∇· Fi = 0∨∇· F j = 0,
then

X
�

Fi , F j ,−1
� = 0 (7)

X
�

Fi , F j , 2
� = 0. (8)

Therefore, Z fs(−1)
i j = Z fs(2)

i j = 0. The result in (7) is obvious
according to (4) and (8) was proven in [16] and [22].

C. Matrix Equations for Equivalent Currents

In the remainder of this section, the method for obtaining the
scattering component Z sc

i j in the expanded form is described.
As will be discussed in Section II-E, the extended IEM also
requires solving linear equations with coefficient matrices for
static fields. These matrices are rank-deficient (ill-conditioned)
if the well-known rooftop [24] or Rao–Wilton–Glisson [25]
basis functions are used. To avoid the low-frequency break-
down problem, the surface equivalent electric and magnetic
current densities Jd and Md on the DM body are expanded
into the loop-star basis functions [26], [27] as follows:

Jd =
N��
j=1

I �
j F�

j +
N◦�
j=1

I ◦
j F◦

j (9)

Md =
N��
j=1

V �
j F�

j +
N◦�
j=1

V ◦
j F◦

j (10)

where F�
j and F◦

j are the i th star and loop basis functions,
respectively (the latter of which satisfies ∇ · F◦

j = 0), N�

and N◦ are the number of star and loop basis functions,
respectively, and I υ

j and V υ
j are the electric and magnetic

current coefficients for Fυ
j , respectively (υ = �, ◦).

Here, we assume that a source electric current I j F j induces
an electromagnetic field around the DM body, where I j is the
electric current coefficient for F j . By substituting (9) and (10)
into the PMCHWT electric and magnetic integral equations
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and applying the Galerkin testing procedure with the star and
loop basis functions, the following matrix equations can be
obtained:�

Z̄�� Ū�◦
Ū◦� − Ȳ◦◦

��
I�

V◦

�
+

�
Z̄�◦ Ū��

Ū◦◦ − Ȳ◦�

��
I◦
V�

�
= −

�
Z� j

U◦ j

�
I j

(11)�
Z̄◦� Ū◦◦
Ū�� − Ȳ�◦

��
I�

V◦

�
+

�
Z̄◦◦ Ū◦�
Ū�◦ − Ȳ��

��
I◦
V�

�
= −

�
Z◦ j

U� j

�
I j .

(12)

The matrices and vectors in (11) and (12) are defined below
(τ, υ = �, ◦).
Z̄τυ Nτ × Nυ impedance matrix, whose (i, j)th element is

the self-/mutual impedance between Fτ
i and Fυ

j .
Ȳτυ Nτ × Nυ admittance matrix, whose (i, j)th element is

the self-/mutual admittance between Fτ
i and Fυ

j .
Ūτυ Nτ × Nυ transfer matrix, whose (i, j)th element is the

transfer coefficient between Fτ
i and Fυ

j .
Zτ j Nτ × 1 impedance vector, whose i th element is the

mutual impedance between Fτ
i and F j .

Uτ j Nτ ×1 transfer vector, whose i th element is the transfer
coefficient between Fτ

i and F j .
Iτ Nτ × 1 electric current vector, whose i th element is the

electric current coefficient I τ
i for Fτ

i .
Vτ Nτ × 1 magnetic current vector, whose i th element is

the magnetic current coefficient V τ
i for Fτ

i .

D. Laurent Series Expansion of Matrices and Vectors

Similar to Z fs
i j , the matrices and vectors in (11) and (12)

can be expanded as follows (τ, υ = �, ◦):

Z̄τυ =
∞�

k=−1

skZ̄(k)
τυ , Ȳτυ =

∞�
k=−1

skȲ(k)
τυ

Ūτυ =
∞�

k=0

skŪ(k)
τυ

Zτ j =
∞�

k=−1

skZ(k)
τ j , Uτ j =

∞�
k=0

skU(k)
τ j

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (13)

The (i, j)th elements of Z̄(k)
τυ , Ȳ(k)

τυ , and Ū(k)
τυ and the i th

elements of Z(k)
τ j and U(k)

τ j are expressed as follows (τ, υ =
�, ◦): �

Z̄(k)
τυ


i j

=
�

ζ0

vk
0

+ ζ1

vk
1

�
X

�
Fτ

i , Fυ
j , k

�
(14)

�
Ȳ(k)

τυ


i j

=
�

1

ζ0v
k
0

+ 1

ζ1v
k
1

�
X

�
Fτ

i , Fυ
j , k

�
(15)

�
Ū(k)

τυ


i j

=
�

1

vk
0

+ 1

vk
1

�
W

�
Fτ

i , Fυ
j , k

�
(16)

�
Z(k)

τ j

�
i
= ζ0

vk
0

X
�

Fτ
i , F j , k

�
(17)

�
U(k)

τ j

�
i
= 1

vk
0

W
�

Fτ
i , F j , k

�
(18)

W (Fi , F j , k) = (1 − k)(−1)k

×
�

S

�
S

(Fi × F�
j) · (r − r �)Rk−3

k!4π
d S�d S.

(19)

According to (19), it is clear that

W (Fi , F j , 1) = 0. (20)

Additionally, if ∇ · Fi = ∇ · F j = 0, then

W (Fi , F j , 0) = 0 (21)

W (Fi , F j , 3) = 0 (22)

where (21) holds because the magnetic fields yielded
by solenoidal (divergence-free) electric currents are irrota-
tional [26] and (22) is proven in the Appendix.

Note that the following relationships hold because of (5),
(7), (8), and (20)–(46) (τ, υ = �, ◦):

Z̄(0)
τυ = Ȳ(0)

τυ = Ū(1)
τυ = 0̄, (23)

Z(0)
τ j = U(1)

τ j = Z(−1)
◦ j = Z(2)

◦ j = 0. (24)

Additionally, if τ = ◦ ∨ υ = ◦, then

Z̄(−1)
τυ = Z̄(2)

τυ = Ȳ(−1)
τυ = Ȳ(2)

τυ = 0̄. (25)

Furthermore, if ∇ · F j = 0, then

Z(−1)
� j = Z(2)

� j = U(0)
◦ j = U(3)

◦ j = 0. (26)

The electric and magnetic current vectors in (11) and (12)
are expanded as follows (υ = �, ◦):

Iυ =
∞�

k=0

skI(k)
υ , Vυ =

∞�
k=−1

skV(k)
υ (27)

where it is assumed that V(−1)
� = V(0)

� = 0.

E. Matrix Equations for Expanded Equivalent Currents

By substituting (13) and (27) into (11) and (12), and
extracting the terms with the same power of s, the following
matrix equations can be obtained (k = 0, 1, . . .):�

Z̄(−1)
�� Ū(0)

�◦
Ū(0)◦� −Ȳ(1)◦◦

��
I(k)
�

V(k−1)◦

�

= −
�

Z(k−1)
� j

U(k)
◦ j

�
I j −

k�
l=2

�
Z̄(l−1)

�� Ū(l)
�◦

Ū(l)◦� −Ȳ(l+1)◦◦

��
I(k−l)
�

V(k−l−1)◦

�

−
k�

l=2

�
Z̄(l−1)

�◦ Ū(l−2)
��

Ū(l)◦◦ −Ȳ(l−1)◦�

��
I(k−l)◦

V(k−l+1)
�

�
(28)

�
Z̄(1)◦◦ Ū(0)◦�
Ū(0)

�◦ −Ȳ(−1)
��

��
I(k)◦

V(k+1)
�

�

= −
�

Z(k+1)
◦ j

U(k)
� j

�
I j −

k�
l=0

�
Z̄(l+1)◦� Ū(l+2)◦◦
Ū(l)

�� −Ȳ(l+1)
�◦

��
I(k−l)
�

V(k−l−1)◦

�

−
k�

l=2

�
Z̄(l+1)◦◦ Ū(l)◦�
Ū(l)

�◦ −Ȳ(l−1)
��

��
I(k−l)◦

V(k−l+1)
�

�
. (29)

As mentioned in Section II-C, the matrices on the left-
hand sides of (28) and (29) are for static fields, regardless
of k. If I(0)

� , . . . , I(k−2)
� , I(0)◦ , . . . , I(k−2)◦ , V(1)

� , . . . , V(k−1)
� , and

V(−1)◦ , . . . , V(k−3)◦ are known, (28) can be solved for I(k)
� and

V(k−1)◦ . Using I(k)
� and V(k−1)◦ , (29) can then be solved for
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I(k)◦ and V(k+1)
� . This process is performed sequentially for

k = 0, 1, . . . According to (23)–(25), (28), and (29), the
following components in (27) are zero as follows:

I(1)
� = I(1)

◦ = V(2)
� = V(0)

◦ = 0. (30)

Additionally, according to (26), if ∇ · F j = 0, then

I(0)
� = I(3)

� = V(−1)
◦ = V(2)

◦ = 0. (31)

F. Testing Scattered Electric Fields

The equivalent electric and magnetic currents Jd and Md

yield a scattered electric field Esc. By testing Esc by Fi ,
the scattering impedance component Z sc

i j can be obtained as
follows:

Z sc
i j = − 1

I j

�
S

Fi · Escd S

= 1

I j

��
Zi� Ui◦

� I�

V◦

�
+ �

Zi◦ Ui�
� I◦

V�

��
. (32)

The parameters in (32) are defined below (υ = �, ◦).

Ziυ 1 × Nυ impedance vector, whose j th element is the
mutual impedance between Fi and Fυ

j .
Uiυ 1× Nυ transfer vector, whose j th element is the transfer

coefficient between Fi and Fυ
j .

The vectors in (32) can be expanded as follows (υ = �, ◦):

Ziυ =
∞�

k=−1

skZ(k)
iυ , Uiυ =

∞�
k=0

skU(k)
iυ (33)

where the following components are zero:
Z(0)

iυ = U(1)
iυ = Z(−1)

i◦ = Z(2)
i◦ = 0. (34)

Additionally, if ∇ · Fi = 0, then

Z(−1)
i� = Z(2)

i� = U(0)
i◦ = U(3)

i◦ = 0. (35)

By substituting (27) and (33) into (32), the expanded form of
Z sc

i j can be obtained as follows:

Z sc
i j =

∞�
k=−1

sk Z sc(k)
i j (36)

where

Z sc(k)
i j = 1

I j

�
k�

l=−1

�
Z(l)

i� U(l+1)
i◦

� I(k−l)
�

V(k−l−1)◦

�

+
k�

l=1

�
Z(l)

i◦ U(l−1)
i�

� I(k−l)◦
V(k−l+1)

�

��
. (37)

According to (30) and (34), the equality of Z sc(0)
i j = 0 holds in

general. Additionally, based on (31) and (35), one can prove
that Z sc(−1)

i j = Z sc(2)
i j = 0 if ∇ · Fi = 0 ∨ ∇ · F j = 0.

Fig. 2. Basis functions F1 and F2 in the vicinity of a DM sphere.

Fig. 3. DM sphere divided into quadrangular faces.

III. APPLICABLE FREQUENCY OF THE EXTENDED IEM

To evaluate the applicable frequency of the extended IEM,
the scattering component of the mutual impedance between
two basis functions in the vicinity of a DM sphere was
evaluated. As shown in Fig. 2, the sphere has a radius r ,
relative permittivity εr = 10, and relative permeability μr .
As shown in Fig. 3, the sphere is divided into 864 quadrangular
faces. Each of the equivalent electric and magnetic currents Jd

and Md on the sphere is expanded into N� = 863 star basis
functions and N◦ = 865 loop basis functions, each of which is
a linear combination of modified rooftop basis functions [20].
Two filamentary piecewise linear basis functions F1 and
F2 with a length of 10 mm are defined at z = ∓d/2 on
the z-axis and parallel to the x-axis.

The expanded form of the scattering component Z sc
21 was

compared with the full-waveform, which can be obtained by
solving (11) and (12) for I�, I◦, V�, and V◦, and substituting
the results into (32). The error in Z sc

21 is defined as follows:
Error = ��Z̃ sc

21/Z sc
21 − 1

�� (38)

where Z sc
21 is the scattering component derived by the full-

wave MoM and Z̃ sc
21 is derived from the extended IEM in the

Laurent series of finite degree L, meaning

Z̃ sc
21 =

L�
k=−1

sk Z sc(k)
21 . (39)

Fig. 4 shows the frequency dependence of the error in Z sc
21

at various values of L, where r = 80 mm, μr = 40, and
d = 200 mm. It can be seen that the error increases with
frequency, and the increase after a certain frequency is rapid.
This frequency is higher for a greater degree L of the Laurent
series. As a result, the error exceeds 10−4 at approximately
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Fig. 4. Frequency dependence of the error in Z sc
21 at various values of L ,

where r = 80 mm, μr = 40, and d = 200 mm.

Fig. 5. fmax as a function of L at various d, where r = 80 mm and μr = 40.

31 MHz, regardless of L. In this case, it can be concluded that
the extended IEM is applicable up to approximately 31 MHz.

Based on the results described above, the maximum applica-
ble frequency fmax is defined as the frequency at which the
error in Z sc

21 exceeds the tolerance of 10−4. Fig. 5 shows fmax as
a function of L at various d , where r = 80 mm and μr = 40.
In the range of L ≤ 5, fmax increases as L increases, and then
converges to approximately 31–36 MHz. Because the rate of
change of the convergence frequency is small compared with
that of d , the convergence frequency is expected to depend
mainly on factors other than the positions of basis functions.

To clarify how the convergence frequency is determined,
Fig. 6 shows fmax as a function of μr (10–100) at L = 50,
where r = 80 mm and d = 200 mm. The values approximately
follow the solid curve, which represents the frequency at which
r = 0.167λ1, where λ1 is the wavelength of electromagnetic
waves inside the sphere. Fig. 7 shows fmax as a function of
r (40–80 mm) at L = 50, where μr = 40 and d = 200 mm.
Similar to the previous case, fmax approximately follows the
frequency at which r = 0.167λ1.

Additionally, it has been confirmed that fmax for arbitrarily
shaped DM bodies that fit on a sphere of radius r is greater
than that for a DM sphere of radius r with the same per-
mittivity and permeability. Therefore, the extended IEM is
considered to be applicable up to the frequency at which the

Fig. 6. fmax as a function of μr at L = 50, where r = 80 mm and
d = 200 mm.

Fig. 7. fmax as a function of r at L = 50, where μr = 40 and d = 200 mm.

Fig. 8. WPT system containing ferrite shields.

dimensions of DM bodies are approximately 0.3 times the
wavelength inside the medium.

IV. CIRCUIT MODELING OF WPT SYSTEM CONTAINING

FERRITE SHIELDS

A. Analysis Model

Fig. 8 shows the WPT system analyzed in this study. The
transmitting (Tx) and receiving (Rx) coils have a square shape
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and three windings. The bridges connecting the outermost and
innermost windings are 6 mm in height, and Tx and Rx ports
are provided between the bridge and outermost winding. The
port impedance consists of a pure resistance R0 in series with
a matching capacitor C0. The available power at the Tx port
is 1 W. The wires forming the coils have a radius r = 0.4 mm
and conductivity σ = 58 MS/m. The internal impedance
per unit length of the wires, which is denoted as ζc, can be
expressed as follows [28]:

ζc = kc

2πσr

J0(kcr)

J1(kcr)
(40)

where kc = (−sμ0σ)1/2 is the wavenumber, and J0 and J1 are
the Bessel functions of the first kind with orders of zero
and one, respectively. The coils are sandwiched between two
square ferrite shields with a side length l, thickness 10 mm,
relative permittivity εr = 10, and relative permeability μr =
40. The Tx and Rx sides are symmetric about the xy-plane.
In the case of l = 200 mm, which is the largest size considered
in this study, the ferrite shields fit on a sphere with a radius
of approximately 145 mm. Therefore, the extended IEM can
be applied up to at least approximately 17.3 MHz. The ferrite
shields are assumed to be lossless based on the limitations
of the extended IEM. If a magnetic loss tangent of 0.01 is
considered, which is a realistic value for modern ferrites for
megahertz band, the full-wave MoM confirmed that there is
little effect on the S-parameters and conduction loss, although
there is an error of approximately 10 dB in the radiation loss.
The precise consideration of material loss in the IEM is a
future issue to be explored.

The currents of the Tx and Rx coils are approximated to be
infinitely thin and uniform along the wire axes, meaning they
are solenoidal. The surface of each ferrite shield is divided into
rectangular faces. In the case of l = 200 mm, N� = 2015 star
basis functions and N◦ = 2017 loop basis functions are
assigned to the faces and nodes, respectively. It has been
confirmed that even if the number of unknowns varies between
−50% and +40%, the difference in the resulting circuit
parameters is less than 6%. By applying the extended IEM,
the self- and mutual impedances between the Tx and Rx coils
can be obtained in the following form:

Zi j =
4�

k=1

sk Z (k)
i j , i, j = 1, 2 (41)

where Z11 and Z22 are the self-impedances of the Tx and Rx
coils, respectively, and Z21 = Z12 is the mutual impedance
between the coils. Here, Z (−1)

i j = Z (2)
i j = 0 because the currents

are assumed to be solenoidal.

B. Derived Circuit Model

Fig. 9 shows the derived circuit model of the WPT system.
V0 is the electromotive force of the Tx port. I1 and I2 are the
currents on the Tx and Rx coils, respectively. The inductances
represent the impedance components proportional to s as

Li j = Z (1)
i j , i, j = 1, 2. (42)

Fig. 9. Circuit model of the WPT system.

TABLE I

CIRCUIT PARAMETERS WITH AND WITHOUT FERRITE

SHIELDS (l = 200 mm)

The dependent voltage sources 
V1 and 
V2 represent the
voltage drops caused by higher degree impedance components
and are expressed as follows:


Vi =
2�

j=1

4�
k=3

sk Z (k)
i j I j , i = 1, 2. (43)

The radiation loss Pr can be obtained as follows:

Pr =
2�

i=1

2�
j=1

2�
k=1

s2k Z (2k)
i j I ∗

i I j . (44)

The impedances Z c
11 and Z c

22 in Fig. 9 are the internal
impedances of the Tx and Rx coils, respectively, and they
can be obtained by multiplying ζc by the total length of the
wire. The conduction loss Pc can be obtained as follows:

Pc =
2�

i=1

Re
�
Z c

ii

�|Ii |2. (45)

Table I summarizes the numerical parameters of the circuit
model with and without ferrite shields with l = 200 mm.
The value of Z c

11 = Z c
22 in Table I is for 6.78 MHz, and it

differs for other frequencies. The presence of ferrite shields
increases the self- and mutual inductances by 45% and 109%,
respectively. This means that the coupling coefficient L21/L11

increases by 44%. The impedance components proportional
to s3 increases by 350% based on the presence of ferrite
shields. However, assuming a frequency of 6.78 MHz, we have
sL11 = j99.47 � and s3 Z (3)

11 = j3.845 m�, indicating that
the contributions of the impedance components proportional
to s3 are negligible. The impedance components proportional
to s4 correspond to the radiation resistances of infinitesimal
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Fig. 10. Dependencies of (a) inductances and (b) loop-type radiation
resistances on the side length l.

Fig. 11. Dependence of the radiation loss Pr on the side length l, where
R0 and C0 are matched to the conjugate image impedance of the coils at
6.78 MHz.

loop currents [20] and are referred to as “loop-type radiation
resistances” in this article. They increase by approximately
15% based on the presence of ferrite shields. Regardless,
their increase is relatively small compared with those of the
self- and mutual inductances (45% and 109%, respectively).
Therefore, it is suggested that radiation loss can be suppressed
by ferrite shields for a given Tx power.

To investigate the effects of ferrite shields on the cir-
cuit parameters and radiation loss further, Fig. 10 shows
the dependencies of the inductances and loop-type radiation
resistances on the side length l. Additionally, Fig. 11 shows

the dependence of radiation loss Pr on the side length l, where
R0 and C0 are matched to the conjugate image impedance [29]
of the coils at 6.78 MHz. The self- and mutual inductances
increase monotonically as l increases from 0 to 200 mm.
On the other hand, the loop-type radiation resistances take the
maximum values when the side length l is comparable to the
dimensions of the coils. Consequently, the radiation loss Pr in
Fig. 11 is approximately constant in the range of l < 80 mm
and decreases with an increasing l in the range of l > 80 mm.

C. Validity of the Circuit Model
To validate the derived circuit model, the S-parameters and

radiation and conduction losses calculated by the circuit model
were compared with those calculated by the full-wave MoM
and finite-difference time-domain (FDTD) method [30].

In the full-wave MoM, each coil is divided into 125 linear
segments, and the current of each coil is expanded into a single
uniform loop current and 124 piecewise linear basis functions.
The ferrite shields are discretized in the same manner as in
the IEM.

In the FDTD method, the minimum and maximum cell
sizes are 2 and 5 mm, respectively, and the time step is
3.84 ps. The spaces around the wires and inside the ferrite
shields are discretized into cubic cells with dimensions of
2 mm × 2 mm × 2 mm. The wires are composed of distributed
resistors whose resistance per unit length is equal to the real
part of ζc at 6.78 MHz. The dimensions of the computational
domain are 400 mm × 400 mm × 400 mm, and the domain is
surrounded by a 32-layer perfectly matched layer (PML). The
domain including the PML was divided into 7 640 480 voxels.
The Tx coil was excited by a Gaussian derivative pulse with
a frequency spectrum of −60 dB at 40 MHz. The number of
calculation iterations was set to 1 000 000 so that the currents
of the coils were attenuated to −140 dB relative to the peak
values. The radiation loss cannot be calculated accurately by
the FDTD method based on the limited performance of PML
at low frequencies. Therefore, it was calculated using only the
derived circuit model and full-wave MoM.

Fig. 12 shows the frequency dependencies of the reflec-
tion coefficient |S11|, transmission coefficient |S21|, radiation
loss Pr , and conduction loss Pc with ferrite shields, where
l = 200 mm, R0 = 50 �, and C0 = 274.6 pF. The slight
difference between |S11| calculated by the circuit model and
full-wave MoM can be attributed to the fact that the current
of each loop is approximated to be uniform in the circuit
model. Pc calculated by the FDTD method is only consistent
with those calculated by the other methods at approximately
6.78 MHz. This is because the internal impedance of the wires
is approximated by pure resistances that are independent of
the frequency in the FDTD method. Regardless, the results
calculated by each method are generally in good agreement.
Therefore, the circuit model derived by the extended IEM can
be considered to be valid.

D. Computational Cost
Finally, the memory usage and computational times required

for the FDTD method, full-wave MoM, and extended IEM
were compared. To measure computational time, a workstation
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Fig. 12. Frequency dependencies of (a) reflection coefficient |S11|, (b) transmission coefficient |S21|, (c) radiation loss Pr , and (d) conduction loss Pc with
ferrite shields, where l = 200 mm, R0 = 50 �, and C0 = 274.6 pF.

with a 4 GHz quad-core CPU and 32 GB 2666 MHz RAM
was considered. Whereas the memory required for the FDTD
method is approximately 0.49 GB (assuming single-precision
data), the minimum memory required to store the coefficient
matrices is approximately 4 GB for the full-wave MoM and
approximately 10 GB for the extended IEM (assuming double-
precision data). The high memory usage in the extended IEM
is a natural consequence of the expansion of the coefficient
matrices. However, the extended IEM is far superior to the
other methods in terms of computational time, as described
below. In the FDTD method, the computational time required
for 1 000 000 iterations was approximately 90 195 s. For the
full-wave MoM, the computational time per frequency was
approximately 639 s (606 s for matrix filling and 33 s for LU
decomposition). In contrast, the extended IEM only required
approximately 459 s to obtain the circuit parameters [454 s
for filling the matrices in (13) and (33) and 5 s for (28), (29),
and (37)]. The subsequent frequency sweep required approx-
imately 52 μs per frequency. Therefore, almost no additional
time is required for multiple frequency points, demonstrating
the high computational efficiency of the extended IEM for the
analysis of WPT system with ferrite shields when compared
with the FDTD method and full-wave MoM.

The above trend in computational cost also holds for other
analysis objects. In the extended IEM, the memory usage
and computational time required for filling matrices in (13)
and (33) are proportional to L (the degree of the Laurent

series), and the computational time required for (28), (29),
and (37) is proportional to L2. If the number of unknowns
is the same and the direct method is used to solve (28) and
(29), the computational time does not depend on the shape of
the analysis object. For example, in the case of the problem
addressed in Section III, the computational time per frequency
for the full-wave MoM is approximately 72.38 s, whereas
the computational time required to obtain the scattering com-
ponents in the extended IEM is approximately 54.63 s for
L = 4 and approximately 67.14 s for L = 8. Furthermore,
the computational time required for the frequency sweep in
the extended IEM is approximately 22 μs for L = 4 and
approximately 40 μs for L = 8 (per frequency), which is
negligible compared with that in the full-wave MoM. This
result further supports the advantage of the extended IEM.

V. CONCLUSION

In this study, the IEM was extended to consider scattering
by lossless DM bodies. Numerical experiments demonstrated
that the extended IEM is applicable up to the frequency
at which the dimensions of DM bodies are approximately
0.3 times the wavelength inside the medium. A circuit model
of a WPT system containing ferrite shields was derived using
the extended IEM. The effects of ferrite shields on the increase
in the coupling coefficient and reduction in the radiation loss
were confirmed. Additionally, the results calculated by the
circuit model were consistent with those obtained by the
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full-wave MoM and FDTD method, which supports the valid-
ity of the derived circuit model. Furthermore, the extended
IEM was demonstrated to be far superior to the FDTD method
and full-wave MoM in terms of computational time. To further
validate the applicability of the extended IEM to actual WPT
systems, actual measurements will be conducted in future
studies.

APPENDIX

PROOF REGARDING EXPANDED TRANSFER COEFFICIENT

The coefficient W (Fi , F j , 3) can be rewritten as follows:
W (Fi , F j , 3)

=
�

S

�
S

(Fi × F�
j) · (r − r �)

12π
d S�d S

= 1

12π

���
S

r × Fi d S

�
·
��

S
F�

j d S�
�

+
��

S
Fi d S

�
·
��

S
r � × F�

j d S�
��

. (46)

If ∇ · Fi = ∇ · F j = 0, then the following relationship holds:�
S

Fi d S =
�

S
F�

j d S� = 0. (47)

By substituting (47) into (46), the equality of W (Fi , F j , 3) =
0 can be proven.
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