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Fast Computation of Layered Media Green’s
Function via Recursive Taylor Expansion
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Abstract—The layered media Green’s function (LMGF) is useful
as a kernel of the method of moments (MoM) for a thin stratified
medium. The self/mutual impedance expression of the MoM in
conjunction with the LMGF includes a semi-infinite spectral inte-
gral inside the multiple integrals over spatial variables. As a result,
computation of impedance matrix entries is quite costly. In this
letter, an interpolation method by using the Taylor expansion is
proposed. The method precomputes the spectral integral for a sin-
gle spatial variable. The derivatives in the expansion are found in
closed form using the recursive property of the Bessel functions.
After that, the precomputed results of the spectral integral are
interpolated via the Taylor expansion when the multiple integrals
over spatial variables are performed. Due to the proposed method,
the spectral integral and multiple integrals over spatial variables
are separated from each other, and the resultant CPU time becomes
quite manageable for very large problems.

Index Terms—Bessel function, interpolation, layered media
Green’s function (LMGF), method of moments (MoM), Taylor
expansion.

I. INTRODUCTION

M ETHOD of moments (MoM) is a quite powerful tech-
nique for numerical analysis of antennas and scatter-

ers [1]. In order to deal with a microstrip antenna by using
the MoM, a layered media Green’s function (LMGF) is used
[2]–[4]. The LMGF includes the so-called Sommerfeld integral
(SI), i.e., a semi-infinite spectral integral, and the numerical eval-
uation of the SI is quite costly. In addition to the evaluation of the
SI, multiple integrals over spatial variables must be evaluated
when self/mutual impedance between source and observation
segments is obtained. The SI must be recomputed every time
when multiple integrals over spatial variables are evaluated be-
cause the integrand of the SI depends on both spectral and spatial
variables. As a result, numerical evaluation of the self/mutual
impedance by using the LMGF is inefficient in a direct manner.

In order to evaluate the self/mutual impedance efficiently, var-
ious techniques have been proposed. A discrete complex image
method (DCIM) is one of the popular techniques to evaluate the
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SI efficiently [5]–[7]. The SI is evaluated in the spatial domain by
using complex exponentials via the Sommerfeld identity when
the DCIM is used. As a result, the SI is evaluated efficiently
because spatial domain counterparts of the SI converge quickly.
However, it is known that the far-field prediction of the DCIM
is poor. Moreover, it is difficult to apply the DCIM to the SI
when its spatial domain counterparts are unknown. On the other
hand, interpolation methods are another approach to evaluate
the self/mutual impedance efficiently. Polynomial interpolation
techniques such as a spline technique are well known [8]–[10].
The unknown coefficients of the polynomials are numerically
obtained as a solution of a linear system. However, very few
papers that deal with interpolation techniques for generalized
multilayered problems have been published [11]. In addition, a
high-order interpolation technique, which is based on a purely
analytic scheme rather than a numerical solution, is hardly seen.

In this letter, a novel interpolation technique using the Tay-
lor expansion is proposed for the efficient evaluation of the
self/mutual impedance using the LMGF. Bessel functions and
their derivatives multiplied by a propagation factor are obtained
and tabulated for a single spatial variable before multiple in-
tegrals over the spatial variables are performed. The SI for a
specific spatial variable is evaluated by using interpolation via
the Taylor expansion of a Bessel function of an arbitrary or-
der. The proposed interpolation technique is straightforward and
easy to implement because the Taylor expansion is performed
using derivatives of the Bessel functions that can be obtained
recursively. Moreover, the proposed interpolation technique is
applicable to general multilayer problems, and its efficiency
improves as the size of problems increases.

II. PROPOSED INTERPOLATION METHOD

As an example, a microstrip dipole array antenna embedded
in a double-layered medium backed by a ground plane is shown
in Fig. 1. For the multilayered medium, an LMGF is expressed
using TE and TM waves propagating in the medium as follows:
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j

8π

∫ ∞

0

{
1

kmz

2 cos 2φ

ρ
J1(kρρ)

− kρ

kmz
(1 + cos 2φ)J0(kρρ)

}
FTE(kρ, z, z′)dkρ (1)

GTM
yy ′ (r, r′) = − j

8π

∫ ∞

0

{
1

kmz

2 cos 2φ

ρ
J1(kρρ)

+
kρ

kmz
(1 − cos 2φ)J0(kρρ)

}
∂2FTM(kρ, z, z′)

∂z∂z′
dkρ (2)

1536-1225 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.



KONNO et al.: FAST COMPUTATION OF LAYERED MEDIA GREEN’S FUNCTION VIA RECURSIVE TAYLOR EXPANSION 1049

Fig. 1. Microstrip dipole array antenna embedded in a double-layered medium
backed by a ground plane.

where GTE
yy ′ and GTM

yy ′ are the y − y′ components of the dyadic
Green’s function of the layered medium for TE and TM
waves, respectively. J0 and J1 are the Bessel functions of
the first kind of order 0 and 1, respectively. FTE and FTM

are spectral propagation factors characterizing the layered me-
dia corresponding to TE and TM waves, respectively, and
ρ =

√
(x − x′)2 + (y − y′)2 , φ = arctan( y−y ′

x−x ′ ), and kmz =√
k2

m − k2
ρ , where km is the wavenumber of mth region.

The self/mutual impedance between two segments is ex-
pressed by using the LMGF as

Z
TE/TM
ij = jωμ0

∫∫
S

Jy (x, y) ·
∫∫

S ′
Jy ′(x′, y′)

× G
TE/TM
yy ′ (r, r′)dx′dy′dxdy. (3)

As shown in (3), Z
TE/TM
ij is composed of fourfold integrals

of the LMGF in spatial coordinates, requiring evaluation of
the computationally expensive semi-infinite spectral integral of
(1) or (2). The fourfold integrals over spatial variables and the
semi-infinite spectral integral in the LMGF cannot be separable
because the LMGF depends not only on the spectral variable,
but also on the spatial variables. Therefore, the resultant CPU
time for numerical integration is quite long.

As shown in (1) and (2), the spatial variables ρ and φ can be
moved to the outside of the semi-infinite spectral integral except
for ρ in the Bessel functions. Therefore, the number of times
the semi-infinite spectral integral needs to be computed can be
reduced if the Bessel functions are interpolated with respect to
ρ. Here, the Bessel functions of the first kind of order n are

Fig. 2. Bessel function of the first kind of order 0 interpolated by using the
Taylor expansion (center of expansion is kρ ρ = 2).

expressed by using the well-known Taylor expansion

Jn (kρρ) = Jn (kρρi) +
∂Jn (kρρi)

∂ρ
(ρ − ρi)

+
1
2

∂2Jn (kρρi)
∂ρ2 (ρ − ρi)

2

+
1
6

∂3Jn (kρρi)
∂ρ3 (ρ − ρi)

3 + · · · . (4)

Derivatives of the Bessel functions to arbitrary order can be ob-
tained recursively [13]. Therefore, interpolation of the Bessel
functions by using the Taylor expansion is straightforward and
easy to implement. Of course, asymptotic expansions of the
Bessel functions are often used when kρρ � 1 and can be in-
terpolated in the same manner.

As a numerical example, the Bessel function of the first kind
of order 0 is interpolated by using the Taylor expansion in Fig. 2
for small arguments. The interpolation using the Taylor expan-
sion works well in the proximity of the center of expansion and
improves with higher order terms. Moreover, it is observed that
interpolation using the Taylor expansion works even when kρρ
is small. Therefore, the interpolation technique can be applied
not only to the computation of mutual impedance, but also to
the computation of the self-impedance.

In our proposed interpolation technique, (4) is substituted
into the LMGFs of (1) and (2) and the individual terms are
precomputed at discrete values of ρ. Then, the LMGFs can be
quickly evaluated for arbitrary ρ. The algorithm is summarized
as follows.

1) The semi-infinite spectral integral is truncated at kmax
ρ in

order to obtain sufficiently convergent results.
2) ρmin and ρmax that are the minimum and maximum values

of ρ inside the double surface integrals are calculated,
respectively.

3) The number of sampling points L is obtained from L =
ρm a x −ρm in

Δρ . Here, Δρ satisfies kmax
ρ Δρ < a, where a is
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an arbitrary limit of interpolation of the Taylor expansion
around one sampling point.

4) The semi-infinite spectral integrals over the Bessel func-
tions and their derivatives multiplied by the propaga-
tion factors are precomputed and tabulated for ρi(i =
1, 2, . . . , L), where ρi is the ith sampling point.

5) The double surface integrals over the LMGF that is inter-
polated via the Taylor expansion are computed by using
(3) to yield the self/mutual impedance.

The computational cost of the above-mentioned algorithm de-
pends on the total number of elements in the impedance matrix
N 2 , the number of quadrature integration points for the spatial
and spectral integrals Ls and Lk , respectively, the number of
interpolation sampling points L, and the number of multipli-
cations for computation of the higher order derivatives of the
Bessel functions Lb , which is approximately proportional to
their order of derivatives. Without interpolation, the matrix fill
time is O(LsLkN 2). With interpolation, the cost of the precom-
putation of the spectral integrals is O(LbLLkN 2), and the cost
of the subsequent matrix fill is O(LsN

2). The total cost is there-
fore O((LbLLk + Ls)N 2) ≈ O(LsN

2) because the matrix fill
time is still much larger than the precomputation time. We see
that the computational cost of evaluating (3) with the proposed
interpolation method is expected to be reduced by a factor of
Lk compared to direct evaluation.

III. NUMERICAL SIMULATION

In order to verify the performance of the proposed interpo-
lation technique, the microstrip dipole array antenna, shown in
Fig. 1, is numerically analyzed. The self/mutual impedance ma-
trix entries are obtained by using the MoM with the LMGF.
Piecewise sinusoidal basis functions are used as basis/testing
functions for the printed metallic elements. The fourfold in-
tegrals over space coordinates x, x′, y, and y′ are transformed
into a sum of double integrals via coordinate transformation
[12]. The effect of a ground plane is included in the numerical
simulation by using image theory. In order to improve the con-
vergence of the semi-infinite spectral integral, the direct wave
was extracted from the LMGF and its contribution was eval-
uated via Green’s function for a homogeneous medium. As a
result of a convergence study, the semi-infinite spectral integral
was truncated at kmax

ρ = kmax + 2 where kmax is the maximum
wavenumber in a medium. A Taylor expansion of order 5 was
used for interpolation and a is set to 2. Asymptotic expansions
of the Bessel functions are used when kρρ > 4.

Input impedance of a single dipole antenna embedded in a
double-layered medium is shown in Fig. 3. As a reference, the
input impedance obtained by using the commercial simulator
FEKO is shown. The calculated error between the original and
the interpolated input impedance is only 0.1% and verifies the
excellent agreement between two curves quantitatively.

The CPU time for computation of the impedance matrix en-
tries of array antennas is shown in Fig. 4. Fig. 4 shows that
the MoM with the proposed method is 28–60 times faster than
that without the proposed method. In particular, the speed-up
ratio increases as the size of the array antenna increases. This is
because the number of quadrature points Lk for the spectral in-
tegral increases as the spacing between source and observation

Fig. 3. Input impedance of a single microstrip dipole antenna embedded in a
double-layered medium.

Fig. 4. CPU time for computation of impedance matrix entries.

TABLE I
MATRIX ENTRIES AND TOTAL CPU TIME FOR MATRIX FILLING FOR A SINGLE

DIPOLE ANTENNA DIVIDED INTO SEVEN SEGMENTS

Method W/o interpolation Proposed Polynomial

Z
T E / T M
1 , 2 −0.53 + j0.058 −0.55 + j0.057 −0.53 + j0.058

Z
T E / T M
1 , 5 −0.13 + j0.42 −0.13 + j0.42 −1.43 − j2.28

Z
T E / T M
1 , 7 0.2 + j0.55 0.2 + j0.56 −8.0 − j4.70

CPU time 11.54 s 0.31 s 0.33 s

f = 200 MHz, l = 0.5 m, 2Δx = 0.01 m, t1 = 0.05 m, t2 = 0.1 m,
ε1

r = 2.6, μ1
r = 1.3, ε2

r = 2.3, and μ2
r = 1.6.

points increases because its integrand is a periodic function of
period 2π

ρ asymptotically. As a result, the efficiency of the pro-
posed method is enhanced as the size of the problem increases.

In order to verify the performance of the proposed method
clearly, it is compared to a two-point C1 (slope-continuous)
polynomial interpolation method (see the Appendix).
Impedance matrix entries and the total CPU time for matrix
filling are shown in Table I. Here, interpolation is performed
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with the minimum number of sampling points, i.e., one point
for the proposed method and two points for the polynomial
interpolation method. The other parameters are completely the
same in order to impartially compare their performances. It
is found that the accuracy of both the methods is different,
whereas the CPU time of both the methods is the same. For
example, relative errors of impedance matrix entries obtained
by using the proposed interpolation method are less than 4%.
On the other hand, relative errors of impedance matrix entries
obtained by using the polynomial interpolation method can be
quite large. Accuracy of the polynomial interpolation method
is expected to be enhanced when the number of sampling
points or the order of polynomials increase. However, the
resultant CPU time also increases. In addition, the polynomial
interpolation method may suffer from singularities as shown
in (8)–(11) because the spacing between two sampling points
becomes closer to each other as the number of sampling points
increase. Therefore, here the proposed method is considered
superior to the C1 two-point polynomial interpolation method.

IV. CONCLUSION

In this letter, a novel interpolation method for computation
of the self/mutual impedance of microstrip antenna arrays with
the LMGF has been proposed. The proposed method is based
on a Taylor expansion of the Bessel functions exploiting the re-
cursive computation of the derivatives. Therefore, the proposed
method is simple, straightforward, and easy to implement for
general multilayered problems. Numerical simulations demon-
strated that the efficiency of the proposed method increases as
the size of the problem increases. The proposed method is easily
applicable to fast solvers such as the fast multipole method in
which the impedance matrix entries for self and adjacent groups
must be obtained explicitly.

APPENDIX

POLYNOMIAL INTERPOLATION

Let us consider the following spectral integral:

STE
0 (ρ) =

∫ ∞

0

kρ

km
z

J0(kρρ)FTE(kρ, z, z′)dkρ. (5)

Here, it is assumed that STE
0 (ρ1), STE

0 (ρ2),
S T E

0 (ρ1 )
∂ρ , and

S T E
0 (ρ2 )

∂ρ are known where ρ1 and ρ2 are two consecutive samples
of the radial distance ρ. Between these two samples, the spectral
integral can be interpolated using a third-order polynomial that
enforces C1 (slope) continuity

STE
0 (ρ) = a0 + a1ρ + a2ρ

2 + a3ρ
3 (6)

where a0–a3 are unknown coefficients. In order to obtain these
unknown coefficients, the following 4 × 4 matrix equation is
solved: ⎡

⎢⎢⎢⎣

1 ρ1 ρ2
1 ρ3

1

1 ρ2 ρ2
2 ρ3

2

0 1 2ρ1 3ρ2
1

0 1 2ρ2 3ρ2
2

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

a0

a1

a2

a3

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

b0

b1

b2

b3

⎤
⎥⎥⎥⎦ (7)

where b0 = STE
0 (ρ1), b1 = STE

0 (ρ2), b2 = S T E
0 (ρ1 )

∂ρ , and b3 =
S T E

0 (ρ2 )
∂ρ . Finally, the solutions for the unknown coefficients are

obtained analytically via algebraic operations

a0 = − b2ρ1(2ρ2
1 + 4ρ1ρ2 + ρ2

2) + b3ρ
2
1(4ρ1 + 3ρ2)

(ρ1 − ρ2)2

− (b0 − b1)ρ2
1(ρ1 − 3ρ2)

(ρ1 − ρ2)3 + b0 (8)

a1 =
b2ρ2(2ρ1 + ρ2) + b3ρ1(ρ1 + 2ρ2)

(ρ1 − ρ2)2

− 6(b0 − b1)ρ1ρ2

(ρ1 − ρ2)3 (9)

a2 = − b2(ρ1 + 2ρ2) + b3(2ρ1 + ρ2)
(ρ1 − ρ2)2

+
3(b0 − b1)(ρ1 + ρ2)

(ρ1 − ρ2)3 (10)

a3 =
b2 + b3

(ρ1 − ρ2)2 − 2
b0 − b1

(ρ1 − ρ2)3 . (11)

Other kinds of spectral integrals can also be interpolated in the
same manner.
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