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Numerical Analysis of Large-Scale Finite Periodic
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Abstract— Numerical analysis of a large-scale finite periodic
array is accurate but quite costly when the array is analyzed
as a finite array. The computational cost for the numerical
analysis can be reduced greatly when the array is approximated
as an infinite periodic structure. However, the edge effect that
strongly affects the active impedance or current distribution of
the array elements near the edge is neglected. In this paper,
a macro block-characteristic basis function method (MB-CBFM)
for numerical analysis of a large-scale finite periodic array with
a uniform amplitude and linear phased excitation is proposed.
The MB-CBFM utilizes blocks and macro blocks to group the
elements in order to reduce its computational cost without
degrading accuracy. Numerical simulations demonstrate that the
CPU time and computer memory of the MB-CBFM are O(N)
when the size of array is sufficiently large.

Index Terms— Arrays, characteristic basis function
method (CBFM), fast solvers, method of moments (MoM),
microstrip arrays, periodic structures.

I. INTRODUCTION

ALARGE-SCALE finite periodic array is widely used as
a phased array antenna [1], [2], frequency selective sur-

face [3], and reflectarray [4]–[7]. The design and performance
of such an array is obtained using a numerical simulation tech-
nique such as the method of moments (MoM) [8]. Although
powerful computers are available now, numerical analysis of
the large-scale finite periodic array using the MoM is still
costly because its CPU time and computer memory are O(N3)
and O(N2), respectively, where N is the total number of
unknowns.

Extensive efforts have been made to reduce the computa-
tional cost of the MoM for periodic structures. The periodic
MoM (PMM) is one of the most powerful techniques [9], [10].
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The large-scale periodic array is approximated as an infinite
array and a unit cell analysis is performed when the PMM
is applied. The PMM is quite computationally efficient but
completely neglects the finite truncation edge effect which
leads to severe inaccuracies for elements near edges.

Various fast MoM iterative algorithms have also
been developed for numerical analysis of large-scale
finite periodic arrays. The multilevel fast multipole
algorithm (MLFMA) [11], [12], adaptive integral
method (AIM) [13], or the conjugate gradient-fast Fourier
transform (CG-FFT) greatly reduce computational cost of the
MoM [14]–[16]. Both CPU time per iteration and computer
memory of the MLFMA and CG-FFT are O(N log N).
However, these fast MoMs are based on iterative matrix
solvers and are plagued by ill-conditioned problems.

Another approach is to reduce the order of the problem size
using macro basis functions (MBFs) so that a direct solver may
be applied. It has been demonstrated that MBF methods are
helpful in order to deal with microstrip array antennas or filters
efficiently [17]–[19]. Synthetic functions expansion approach
is a kind of MBF method and its performance has been demon-
strated via numerical analysis of general 3-D structures [20].
The subentire domain (SED) basis function method [21], [22]
and the characteristic basis function method (CBFM) [23]
are types of MBF methods and can reduce the number of
unknowns. Both the SED basis function method and the
CBFM have been applied for numerical analysis of the large-
scale finite array [24]–[27]. However, the MBF method is
only used to solve an element or subarray problem in these
papers. As a result, authors finally resort to iterative solvers,
such as the fast multipole method, FFT, or AIM, in order
to deal with the large-scale entire array problem because
the number of unknowns is still proportional to that of the
elements or subarrays. To the best of our knowledge, an MBF
method which utilizes array theory to reduce the number of
unknowns has not been developed.

In this paper, a novel CBFM for numerical analysis of the
large-scale finite periodic array is proposed. The proposed
CBFM, which is named a macro block-CBFM (MB-CBFM),
mainly builds on the conventional CBFM shown in [23],
and this paper expands the work in [28] and [29]. The
MB-CBFM uses blocks and macro blocks to drastically reduce
the number of unknowns to be solved. A block contains a
single cell of the periodic structure, and a macro block is made
up of a number of blocks and depends on the array geometry.
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Eigenvector decomposition is applied to the block current and
the characteristic basis functions (CBFs) for the block are
obtained without by direct solution. According to array theory,
the CBFs for the macro blocks are obtained efficiently from
those of the blocks without extra computational cost. The
resultant reduced matrix can be solved using direct solvers
even when the number of the array elements is quite large
because the size of the reduced matrix is independent of
the number of array elements. Moreover, the MB-CBFM
can deal with an ill-conditioned problem efficiently because
it is iteration free. Numerical examples are shown and the
performance of the MB-CBFM is verified quantitatively.

II. MACRO BLOCK-CHARACTERISTIC

BASIS FUNCTION METHOD

In general, a linear system obtained using the MoM is

ZI = V (1)

where Z is an N × N impedance matrix, I is an unknown
N × 1 current vector, and V is a known N × 1 voltage vector.
Equation (1) can be divided into block matrix equations when
a periodic array of identical elements is assumed
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where Zb
i j is a K ×K block impedance matrix between the i th

array element and j th array element, Ib
i is a K × 1 unknown

block current vector of the i th array element, and Vb
i is a

K × 1 known voltage vector of the i th array element. Here,
M is the total number of array elements and K is the number
of unknowns in one element, i.e., N = M K . The block
defined here is called a block. According to a theory of MBFs,
the unknown block current vector is expanded using MBFs,
here, CBFs

Ib
i =

K∑
k=1

α(i,k)Jb
(i,k) for i = 1, 2, . . . , M (3)

where α(i,k) is an unknown weight coefficient of Jb
(i,k), which

is the kth CBF of the i th element. The CBF Jb
(i,k) must be

computed in advance, first by solving the following extended
matrix equation:

Je
i = (

Ze
ii

)−1Ve
i for i = 1, 2, . . . , M (4)

where Je
i is a (2L+1)2 K ×1 current vector of the i th extended

block, Ze
ii is the (2L+1)2 K × (2L+1)2 K i th extended block

self-impedance matrix, and Ve
i is the (2L + 1)2 K × 1 i th

extended block voltage vector. The extended block is intro-
duced here in order to include the mutual coupling effect
of the surrounding elements into the block current. L is the
width of the edge regions and also indicates the edge region
of a macro block as explained later. For example, a central

Fig. 1. Block division of an 8 × 8 loop array for computing CBFs in
blocks (L = 1).

element in an extended block is surrounded by eight elements
for L = 1 and 24 elements for L = 2. An example of the
block and extended block is shown in Fig. 1 for L = 1. It has
been verified that this approach works well in order to include
the mutual coupling effect of the surrounding structure into
the block current [21], [23]. A part of Je

i corresponding to the
i th block is kept as a block current Jb

i and the other part is
discarded. Finally, the CBFs Jb

(i,k)x are obtained as a result of
eigenvector decomposition of Jb

i

Jb
(i,k) = (

Jb
i · e(i,k)

)
e(i,k) for k = 1, 2, . . . , K (5)

where e(i,k) is the kth eigenvector of the i th block self-
impedance matrix, Zb

ii , and Jb
i ·e(i,k) is the dot product. Jb

(i,k) is
a set of K orthogonal eigenvectors because Zb

ii is symmetric
when the Galerkin method is used to obtain Z. The set of
K orthogonal eigenvectors is complete as a basis function for
the block including K unknowns. Therefore, the MB-CBFM
requires no secondary basis functions as are obtained in the
conventional CBFM [23].

In order to obtain the unknown weight coefficient α(i,k)

efficiently, the macro blocks shown in Fig. 2 are defined. Here,
it is assumed that the array has a uniform amplitude and linear
phase excitation. Under this assumption, it can be said that the
current distribution of blocks inside the same macro block is
uniform except for phase difference. Therefore, it is found that
each CBF of the blocks has the same weight coefficient in (3)
as all the other blocks in the same macro block.

According to this assumption, the number of weight coef-
ficients to be obtained is reduced greatly.

The CBFs of the same blocks are joined with each other
and the CBF of the pth macro block is obtained

Jmb
(p,k) = (Jb

(1,k), Jb
(2,k), . . . , Jb

(M ′(p),k)) for k = 1, 2, . . . , K

Jb
(1,k) = · · · = Jb

(M ′(p),k) (6)
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Fig. 2. Block division of an 8 × 8 loop array for computing CBFs in macro
blocks and reduced matrix (L = 1 and 2). L is the width of the edge regions.
In this case, the edge regions are one and two element wide. Red elements
indicate correspondence of CBFs between blocks and macro blocks as an
example.

where Jmb
(p,k) is the kth joined CBF of the pth macro block

and M ′(p) is the number of blocks in the pth macro block.
Using (6), (3) is transformed into

Ib
p =

K∑
k=1

α(p,k)Jmb
(p,k) for p = 1, 2, . . . , P (7)

where P is the total number of macro blocks and P = (2L +
1)2. The macro blocks at the edges of the array only include
blocks in a single row or column, but the CBFs in the macro
block are obtained in the same manner. After that, the MoM
system of equations is given in terms of the vector u as

P∑
i=1

K∑
k=1

α(p,k)u(p,k) = V

(
u(p,k) = [[

Zmb
1p Jmb

(p,k)

][
Zmb

2p Jmb
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] · · · [Zmb
PpJmb

(p,k)

]]T )
. (8)

A P K × P K reduced matrix is obtained after the Galerkin
method is applied to (8). The unknown weight coefficients are
obtained from the reduced matrix.

As shown in (3), the total number of unknowns is N = M K
when the conventional CBFM with the block division is
applied. Of course, the optimum block division derived
in [30] or singular value decomposition is helpful in order to
reduce the number of unknowns when the problem is solved
using the conventional CBFM. However, the computational
cost for the computation of CBFs, and for computation of
the reduced matrix equation are the tradeoff. As a result, it is
difficult to reduce the computational cost greatly when the con-
ventional CBFM is applied. On the other hand, the MB-CBFM
uses eigenvector decomposition of the block current in order

TABLE I

ORDER OF CPU TIME OF THE MB-CBFM

to obtain CBFs. A complete set of CBFs for the blocks can
be obtained efficiently without resorting an iterative process to
find primary and secondary basis functions of the conventional
CBFM [23]. In addition, macro block CBFs are obtained effi-
ciently from those of the blocks without extra computational
cost. As a result, the number of unknowns is greatly reduced
from N to P K = (2L + 1)2 K when the MB-CBFM is
applied. The size of the reduced matrix (= P K × P K ) is
independent of the number of array elements and is much
smaller than that of the original N × N matrix. Therefore,
the reduced matrix can always be solved easily using direct
solvers such as Gaussian elimination even when the number
of array elements is large. The computational cost to solve is
O(P3 K 3) but is negligibly small because K � N for large-
scale periodic arrays. Therefore, the total computational cost
of the MB-CBFM is expected to be reduced greatly.

The order of CPU time of the MB-CBFM is shown
in Table I. The MB-CBFM is for a large-scale periodic array
and it can be assumed that the number of elements M is
proportional to the number of unknowns N , i.e., M = O(N).
Moreover, it is assumed that the periodicity is fully utilized.
Under these assumptions, the order of the CPU time of the
MB-CBFM is O(N), the time taken to fill the impedance
matrix. It is noted from Table I that the edge region of the array
impacts the CPU time of the MB-CBFM because the CPU time
is approximately proportional to P K 2 N = (2L + 1)2 K 2 N
for a rectangular array.

It is expected that the edge region of the array could have
more or less impact on the total CPU time for nonrectangular
arrays, depending on the number of nonsimilar edges. It is
interesting that the CPU time is impacted less as the shape of
the array antenna approaches to circular because the circular
array has no corners. The order of computer memory of the
MB-CBFM is omitted here but is also O(N).

III. NUMERICAL SIMULATION

In order to verify the performance of the MB-CBFM, two
numerical examples shown in Figs. 3 and 4 are analyzed. The
dimensions of a helical array on an infinite ground plane are
set to D = 0.2 m, p = 0.1 m, a = 0.003 m, s = 0.05 m,
h = 0.25 m, and dx = dy = 0.75 m. The dimensions and
constitutive parameters of a microstrip dipole array embedded
in a double-layered medium backed by an infinite ground plane
are set to l = 0.005 m, 2�x = 0.001 m, t1 = 0.002 m,
t2 = 0.001 m, dx = dy = 0.007 m, ε1

r = 2.6, ε2
r = 2.15,

and μ1
r = μ2

r = 1. The operating frequencies are f = 0.3 and
20 GHz for the helical array and the dipole array, respectively.
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Fig. 3. Helical array antenna on an infinite ground plane.

Fig. 4. Microstrip dipole array antenna embedded in double-layered medium.

Richmond’s MoM is used for numerical analysis of the
helical array antenna on an infinite ground plane with piece-
wise sinusoidal wire basis functions [31]. The MoM with
the layered media Green’s function is used for numerical
analysis of the microstrip array [32], [33]. Piecewise sinusoidal
functions are used as basis/testing functions for the printed
metallic elements. The fourfold integrals over the spatial
coordinates are evaluated as a sum of double integrals via
a coordinate transformation [34]. An interpolation method
using a recursive Taylor expansion is used in order to cal-
culate the layered media impedance matrix efficiently [35].
The effect of a ground plane is included in the numerical
simulation using image theory. The number of segments in
a single array element including its image is K = 49 and
14 for the helical array and the dipole array, respectively.
All numerical simulations in this paper were implemented on
an Intel Core2 Duo E8400 3 GHz processor with 4 GB RAM.
Periodicity is fully utilized in our code. The reduced matrix
equation obtained from a uniform and in-phase excitation is
solved for a plane wave scattering problem and a radiation
problem. A linear phase array factor multiplies the CBFs in
order to obtain the current distribution for an oblique incidence
scattering problem or beam scanning problem approximately
without having to refill the impedance matrix or resolve for
the CBFs.

The active impedance of a 15 × 15 helical array antenna is
shown in Fig. 5. It is found that the active impedance of each
element obtained using the MB-CBFM agrees well with that
of the full-wave matrix solution. In particular, the accuracy
of the active impedance of an element in the edge region

Fig. 5. Active impedance of a 15 × 15 helical antenna array. The outermost
row along the y-axis with in-phase and uniform excitation is plotted.

Fig. 6. Convergence of active impedance of a helical array antenna (in-phase
and uniform excitation).

of the array obtained using the MB-CBFM is enhanced as
L increases.

On the other hand, the active impedance of elements in the
central region of the array obtained using the MB-CBFM is
uniform because of our initial assumption. Convergence of the
active impedance of elements obtained using the MB-CBFM
with respect to the size of the array is shown in Fig. 6.
In order to simplify the discussion, results obtained using
the MB-CBFM with L = 0 are only compared with those
of an infinite array obtained using FEKO. The MB-CBFM
with L = 0 neglects the edge effect and assumes that the
current distribution of all elements in the array is uniform.
As a result, the active impedance of all elements in the array
obtained using the MB-CBFM with L = 0 is the same.
As shown in Fig. 6, the active impedance obtained using the
MB-CBFM with L = 0 converges to that of the infinite array
as the size of the array increases. This implies that the current
distribution of the elements in the central region of the array
can be assumed to be uniform when the size of the array is
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Fig. 7. BRCS of a 25 × 25 microstrip dipole array scatterer [Eθ on the
yz plane, TMz incidence, (θi , φi ) = (5°, 90°)].

Fig. 8. Gain of a 15×15 helical array antenna [Eθ on the xz plane, mainlobe
is directed to (θ, φ) = (45°, 90°)].

large. According to these numerical results, it is concluded that
the large-scale finite periodic array antenna can be analyzed
using the MB-CBFM without neglecting the edge effect.

On the other hand, the width of macro blocks L in the edge
region of the array seems to have relatively small impact on
the accuracy of the bistatic radar cross section (BRCS) because
the BRCS pattern is obtained from integration of current of the
entire array, as seen in Fig. 7. The MB-CBFM results agree
well with that obtained using full-wave analysis. Therefore,
it can be concluded that the MB-CBFM works well to deal
with a large-scale finite periodic array in a layered medium.
The same phenomenon can be seen in the gain of the helical
array antenna shown in Fig. 8. Therefore, it can be concluded
that the width of macro blocks L in the edge region of the
array should be considered in order to control the accuracy of

Fig. 9. Gain of a 50×50 helical array antenna (Eθ on the xz plane, in-phase
and uniform excitation).

Fig. 10. BRCS of a 50 × 50 microstrip dipole array scatterer [Eθ on the
yz plane, TMz incidence, (θi , φi ) = (0°, 90°)].

the near field (i.e., current distribution and active impedance)
in the edge region of the array but has lesser effect on the
accuracy of the far field (i.e., gain and BRCS) of the array.
In order for the MB-CBFM to provide reliable results, L may
be increased incrementally to gauge the convergence of the
array fields of interest.

Large-scale finite periodic arrays which are difficult to solve
exactly due to the limitation of computational cost may be
solved quickly using the MB-CBFM. Numerical examples are
a 50 × 50 helical array antenna and the scattering from a
50×50 microstrip dipole array. The total number of unknowns
is N = 122 500 for the helical array antenna and N = 35 000
for the microstrip dipole array scatterer, respectively, each
with M = 2500 elements. The gain of the helical array
antenna and BRCS of the microstrip dipole array scatterer
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Fig. 11. CPU time (helical array).

Fig. 12. CPU time (dipole array).

are shown in Figs. 9 and 10, respectively. The CPU time
except for impedance matrix filling and postprocessing is at
most 695.9 s for the helical array antenna and 12.8 s for the
microstrip dipole array scatterer, respectively. It is found that
the large-scale finite arrays can be dealt with efficiently using
the MB-CBFM.

The computational cost of the MB-CBFM is shown
in Figs. 11–14. Here, the CPU time for impedance matrix
filling and postprocessing is excluded in order to clearly
show the main performance advantage of the MB-CBFM.
The convergence criteria of the conjugate gradient method are
the relative error set to 10−4. As shown in Figs. 11 and 12,
the order of the CPU time of the CG method depends on the
problem to be solved. Iterative solvers such as the CG method
suffer from so-called ill-conditioned problems. For example,
the order of the CPU time of the CG method is O(N3) for the
microstrip dipole array because the problem is ill-conditioned

Fig. 13. Computer memory (helical array).

Fig. 14. Computer memory (dipole array).

and the number of iterations is proportional to N , while the
helical array is O(N2) because a relatively small number of
iterations were needed. Therefore, it is difficult to predict the
order of the CPU time of iterative solvers in advance. On
the other hand, it is found that both CPU time and computer
memory of the MB-CBFM are O(N) when the size of the
array is large. The MB-CBFM is based on direct solvers so
the order of its CPU time can be predicted analytically as
shown in Table I. In addition, the periodicity of the array is
fully utilized and the CBFs for macro blocks are obtained
without extra computational cost. The resultant CPU time and
computer memory of the MB-CBFM are quite small.

The CPU time for each process of the MB-CBFM is
summarized in Table II. Here, the total CPU time including
impedance matrix filling and postprocessing is also shown.
It is found that the CPU time of the MB-CBFM in most
cases is dominated by the calculation of the impedance matrix,
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TABLE II

CPU TIME OF THE MB-CBFM (S)

Fig. 15. Gain of a 30 × 30 bowtie array antenna (Eφ on the xz plane,
f = 300 MHz, a = √

2/4 m, b = 0.04 m, α = 70°, dx = dy = 0.65 m,
t = 0.25 m, K = 64, uniform amplitude, and in-phase excitation).

especially for the dipole array due to the computation of the
layered media Green’s function. However, the cost is O(N)
due to the Toeplitz structure of the array, and only needs to
be done once for most array problems of interest as discussed
earlier.

Finally, a bowtie array antenna was analyzed in order to
demonstrate the performance of our MB-CBFM for arbi-
trary and practical antennas. Bowtie antenna elements are
discretized into triangular elements using Rao–Wilton–Glisson
basis function [36]. Fig. 15 shows the gain pattern of a 30×30
bowtie array antenna. It is found that the gain pattern of the
MB-CBFM agrees well with that of FEKO. The total number
of unknowns is N = 57 600 and FEKO requires 103 921 s for
LU decomposition while the MB-CBFM requires only 178 s.
Therefore, the MB-CBFM is also efficient and accurate for the
numerical analysis of arbitrary and practical array antennas.

IV. CONCLUSION

In this paper, a novel CBFM (MB-CBFM) for a large-
scale finite periodic array has been proposed. The MB-CBFM
utilizes blocks and macro blocks in order to reduce the compu-
tational cost greatly. According to array theory, the CBFs for
the macro blocks are easily obtained from those of the blocks
without extra computational cost. Numerical simulations have

demonstrated the accuracy, efficiency, and robustness of
the MB-CBFM. The computational cost of the MB-CBFM
described here is O(N). In this paper, the MB-CBFM focuses
on a large-scale periodic array excited by sources with uniform
amplitude and linear phase. The MB-CBFM may be extended
to more general nonuniform excitations in the future.
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